At the critical point of topological phase transition between triple-Weyl semimetal and normal band insulator, the system realizes a novel semimetal state hosting gapless fermions whose energy dispersion is cubic in two momentum components and quadratic in the third. The quantum critical behavior is primarily determined by the long-rang Coulomb interaction. By using renormalization group method, we show that this quantum critical system flows to a stable infrared fixed point at which the Coulomb interaction is anisotropically screened and its effective strength takes certain finite value. We calculate a number of observable quantities, including density of states, specific heat, compressibility, dynamical conductivity, and susceptibility, and find that they all exhibit unusual non-Fermi liquid behavior. These striking quantum critical properties appear to be linked to the nontrivial topology, and can be probed by measuring the observable quantities.
Introduction. Semimetal (SM) materials is one of the most active research fields in condensed matter physics [1] [2] [3] [4] [5] [6] [7] [8] [9] . These materials may have broad applications in industry due to their peculiar properties. They also provide a nice platform to test some interesting concepts, such as chiral anomaly [10, 11] and topological quantum phase transition (TQPT) [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] .
In some conditions, SM state can be realized at the critical point of certain TQPT. For instance, it is well known that, the system located at the quantum critical point (QCP) of the transition between three-dimensional (3D) topological insulator (TI) and normal band insulator (BI) is actually described by 3D Dirac SM (DSM) [12, 13] . Interestingly, 3D DSM state was obtained in BiTl(S 1−δ Se δ ) 2 by tuning the doping to approach the topological QCP [22, 23] . In comparison, the QCP that separates two-dimensional (2D) DSM from normal BI produces a semi-DSM state, in which the fermion energy is linear in one momentum component but quadratic in the other one [14] [15] [16] [17] . Such semi-DSM state can also be achieved in few-layer black phosphorus at critical doping with potassium [24] . Moreover, 3D anisotropic Weyl SM (AWSM) state, characterized by fermion energy that is linear in two momentum components and quadratic in the third, emerges at the topological QCP between 3D WSM and normal BI [18] [19] [20] . Interestingly, 3D AWSM state was already observed in BiTeI prepared at a critical pressure [25] .
For conventional Ginzburg-Landau-type continuous QPTs, there is always a local order parameter whose vacuum expectation value is zero in the disordered phase and nonzero in the ordered phase [26] . In a metal or SM tuned close to such a QCP, the low-lying fermionic excitations and the gapless bosonic order parameter are interacting strongly. The low-energy properties of the QCP is largely determined by this interaction, which leads to the breakdown of Fermi liquid (FL) theory in many cases [26] [27] [28] . Different from symmetry-breaking driven QPTs, the topological QPTs are not associated with any local order parameter, but classified by the changes of global topological invariants [29, 30] . As aforementioned, the SM material is in some unique SM state near topological QCP. Although there is no local order parameter, the low-energy behavior of such QCP might be affected by the long-range Coulomb interaction. It is found that, the impact of Coulomb interaction is diverse and depends sensitively on the fermion dispersion and the dimensionality [13, 15, 16, 20] . In particular, the renormalization group (RG) analysis showed that Coulomb interaction is marginally irrelevant in 3D DSM [13] and 2D semi-DSM [15, 16, 31] , and thus only induces logarithmic-like corrections to observable quantities. In 3D AWSM, the Coulomb interaction is irrelevant and does not lead to nontrivial modification of observable quantities [20] .
In this paper, we consider topological triple-WSMs. In this material, the monopole charges of the pair of Weyl points are ±3, and the dispersion of triple-Weyl fermions is cubic in two momentum components, but linear in the third one [32] [33] [34] [35] [36] [37] [38] . As the system undergoes a topological QCP from triple-WSM to normal BI, two Weyl points with opposite monopole charges merge to one single band-touching point that carries zero monopole charge. At the merged band-touching point, the fermions exhibit a new dispersion that is cubic in two momentum components, but quadratic in the third, which defines a novel SM state. Here, we study the influence of longrange Coulomb interaction on the low-energy behavior of this novel quantum critical system. After carrying out RG analysis, we find that the Coulomb interaction is marginally relevant at low energies and induces remarkable NFL behaviors for a variety of observable quantities, including density of states, specific heat, compressibility, conductivity, and susceptibility. Such NFL behaviors can be directly probed in experiments by tuning triple-WSMs to undergo phase transition to normal BI. Renormalization group analysis. We now utilize the RG method [44] to study the influence of long-range Coulomb interaction on the low-energy fermionic excitations. The momentum shell to be integrated out is chosen as bΛ < B 2 k 6 ⊥ + A 2 k 4 z < Λ, where Λ is a high-energy cutoff and b = e −ℓ with ℓ being a varying scale. After performing tedious calculations, we obtain the following fermion self-energy
The expressions of C 2 and C 3 are complicated and can be found in the Supplementary Material. The boson selfenergy calculated in the static limit is given by
where
Using these two self-energy functions, we derive the coupled RG equations for all the model parameters
Here, we have defined two new parameters
A . The parameter α represents the effective Coulomb interaction strength. Now C ⊥ can be re-written as C ⊥ = 117πα 320 . The parameter β is related to the screening effect of Coulomb interaction caused by the collective particle-hole excitations.
The flowing diagram of parameters α and β is plotted in Fig. 2 . We see that, these two parameters inevitably flow to a stable infrared fixed point (α * , β * ), where
Additionally, in the lowest energy limit, C 2 , C 3 , and C ⊥ approach to constants C * 2 , C * 3 , and C * ⊥ , respectively. We found that
In the low-energy regime, parameters B and A behave as
Obviously, both B and A are significantly renormalized by the Coulomb interaction. Upon lowering the energy scale, B goes to zero quickly, whereas A increases indefinitely. This means that the interaction-induced renormalization of the fermion dispersion is extremely anisotropic. Because B and A enter into almost all the observable quantities, their remarkable renormalization would certainly lead to drastic modification of these quantities.
The strong fermion-boson coupling also has substantial impact on the Coulomb potential between fermions. We found that η flows to zero rapidly at low energies, and that ζ approaches to a constant value, namely ζ → ζ * . Including the polarization into the effective boson propagator yields
We observe that, the particle-hole excitations give rise to an anisotropic screening of the long-range Coulomb interaction in the low-energy regime. Observable Quantities. At the stable infrared fixed point (α * , β * ), the quantum critical system exhibits remarkable NFL behavior. To demonstrate this, we will calculate a number of observable quantities, first in the non-interacting limit and then in the Coulombic interacting case. The interaction-induced corrections to these observable quantities are computed on the basis of the solutions of RG equations. The calculations details are presented in the Supplementary Material.
We first consider the non-interacting limit. Fermion DOS takes the form
It is clear that ρ(ω) vanishes in the limit ω → 0, which is a common feature of most SMs. The specific heat C v and compressibility κ are
and
respectively. The dynamical conductivity within x-y plane, σ ⊥⊥ , and the one along z-axis, σ zz , are
It is clear that σ ⊥⊥ (ω) and σ zz (ω) have very different dependence on ω, which arises from the strongly anisotropic dispersion of fermions. For external magnetic field applied within x-y plane and along z-axis, the diamagnetic susceptibilities are given by Once the Coulomb interaction is incorporated, the parameters B and A are singularly renormalized, which in turn leads to remarkable corrections to the above observable quantities. Making use of the RG results of B(ℓ) and A(ℓ), and employing the scaling relation ω = ω 0 e −ℓ or T = T 0 e −ℓ , we can obtain the interaction-induced corrections to the observable quantities. First of all, the fermion DOS is altered to become
where η 1 ≈ 0.1009. Comparing Eq. (21) to Eq. (28), we find that Coulomb interaction effectively suppresses fermion DOS. After including interaction corrections, specific heat and compressibility are converted to
These two quantities are also suppressed by Coulomb interaction. Notice that extra exponent appearing in ρ(ω), The energy or temperature dependence of a number of observable quantities at topological QPT between triple-WSM and BI, calculated in the free fermion system and the Coulombic interacting system, respectively. We use ρ(ω) to represent DOS, Cv(T ) specific heat, κ(T ) compressibility, σ ⊥⊥ (ω) dynamical conductivity within x-y plane, σzz(ω) dynamical conductivity along z-axis, χ ⊥ D (T ) diamagnetic susceptibility within x-y plane, and χ z D (T ) diamagnetic susceptibility along z-axis. The interaction-induced extra exponents are: η1 ≈ 0.1009, η2 = 0, η3 ≈ 0.5305, η4 = 0.2864, η5 ≈ −0.2441.
Interacting ω
, and κ(T ) is exactly the same. This originates from the fact that DOS, specific heat, and compressibility display the same dependence on B and A, as can be seen from Eqs. (21)- (23). According to Eqs. (24)- (27), the charge e enters into the expressions of dynamical conductivities and diamagnetic susceptibilities. Thus the RG flow of e naturally affects the low-energy properties of these quantities. From the scale dependence of B, A, and e, we find that dynamical conductivities become
where η 2 = 0 and η 3 ≈ 0.5305. Comparing Eq. (24) to Eq. (31), we infer that the ω-dependence of σ ⊥⊥ is not changed by Coulomb interaction. The reason is that, e 2 and √ A are renormalized in precisely the same way by Coulomb interaction at low energies, which renders that σ ⊥⊥ ∝ e 2 / √ A remains intact. From Eq. (25) and Eq. (32), we observe that σ zz is suppressed by Coulomb interaction.
The diamagnetic susceptibilities now are given by
where η 4 ≈ 0.2864 and η 5 ≈ −0.2441. An apparent conclusion is that, χ ⊥ D is suppressed by Coulomb interaction, whereas χ z D gets enhanced. To see the interaction effects more intuitively, we summarize the energy or temperature dependence of all the above observable quantities in Table I . The power-law corrections of these quantities indicate the emergence of strong NFL behavior at the topological QCP.
Conclusion and Discussion. In summary, we have studied the impact of long-range Coulomb interaction on the quantum critical SM state realized at the QCP of topological phase transition between triple-WSM and normal BI in 3D. Our RG study demonstrates that, the Coulomb interaction is marginally relevant at low energies and drives the system to flow to a stable infrared fixed point that exhibits remarkable NFL behavior of observable quantities. The fermion excitations lead to strongly anisotropic screening of Coulomb interaction. Moreover, the interaction corrections to both dynamical conductivity and diamagnetic susceptibility are rather anisotropic. The predicted NFL quantum critical state can be directly explored by measuring the energy or temperature dependence of observable quantities.
The emergence of NFL fixed point is primarily driven by the long-range Coulomb interaction. In realistic samples, there is usually certain amount of extra carriers, which means the chemical potential µ is nonzero. In this case, the Coulomb interaction is statically screened due to the nonzero DOS ρ(0) ∝ µ. However, it is worth mentioning that the NFL behavior emerges not only at zero µ but also at nonzero µ. Indeed, the NFL state always displays observable effects in the quantum critical regime defined by ω/T > µ, provided that µ is not very large.
These quantum critical properties are very different from those obtained in previous stufies on other similar topological QCPs [13, 15, 16, 20] . At 3D TI-BI QCP, the Coulomb interaction is marginally irrelevant and isotropically screened [13] . At 2D DSM-BI QCP, the Coulomb interaction is also marginally irrelevant, but the screening is clearly anisotropic [15, 16] . At 3D WSM-BI QCP, the Coulomb interaction is irrelevant with significant anisotropic screening. At 3D double-WSM-BI QCP, the fermion energy is quadratic in all the three momentum components [20, 42] , thus the system is analogous to the Abrikosov NFL state [39] , in which the Coulomb interaction is isotropically screened. In comparison to these examples, the Coulomb interaction is marginally relevant at triple-WSM-BI QCP and produces unusual NFL behavior. The uniqueness of such a NFL state is intimately related to the special topological property of the transition [13, 15, 16, 20] .
Recent first-principle calculations [19, 45] predicts the presence of 3D cubic DSM state in which the fermion dispersion is cubic in two momentum components and linear in the third. Obviously, this dispersion is exactly the same as that of triple-WSM. When such cubic DSM undergoes a topological QPT to become normal BI, the critical system would exhibit similar interaction-induced unusual NFL behaviors to those predicted in this work. It is proposed [45] that 3D cubic DSM can be realized in compounds Rb(MoTe) 3 and Ti(MoTe) 3 . We expect that more candidate materials for triple-WSM could be revealed in the future. If these materials are prepared with high quality, it would be possible to carefully tune them to approach the toplogical QCP by varying doping or pressure and to observe the predicted NFL-like quantum critical behavior.
Supplementary Material for "Topological quantum phase transition with non-Fermi-liquid critical behavior "
A. Self-energy of Fermion
The fermion self-energy is defined as
where the free fermion propagator is
and the free boson propagator is
Substituting Eqs. (2) and (3) into Eq. (1), and retaining the leading order of contribution, we obtain
In the following, we will employ the transformations
which are equivalent to
The measures of the integrations satisfy the relation
dEdδ.
To proceed with RG calculations, we choose to integrate out high-energy modes defined in the momentum shell
where b = e −ℓ . Utilizing the transformations Eqs. (8)- (10), we obtain
with ζ = A .
B. Self-energy of Boson
The boson self-energy is given by
Substituting Eq. (2) into Eq. (15), Π(Ω, q) can be further written as
. Taking the static limit Ω = 0, and then expanding to the leading order of q ⊥ and q z , we get
Using again the transformations Eqs. (8)- (10), we finally obtain
C. Derivation of RG equations
The free action of fermion field ψ is
Incorporating the interaction corrections, this action becomes
Using the re-scaling transformations
the action can be re-written as
which recovers the original form of the action. The free action of boson field φ takes the form
Including the interaction correction converts the action φ to
Utilizing the transformations Eqs. (22)- (25), we find that the field φ should be re-scaled as follows
Now the action of φ can be approximately written as
We define
and then get
which has the same form as the original boson action. The action of fermion-boson coupling is
Making use of the transformations Eqs. (22)- (26), we find that
Adopting the re-scale transformation
we further re-write the action in the form
which recovers the form of the original interacting action.
We then carry out the re-scaling transformations given by Eqs. (27) , (28), (34) , and (38) , and obtain the following RG equations
where α and β are defined as
D. Observable Quantities in free case
Here, we will calculate a number of observable quantities, first in the non-interacting limit and then by incorporating the corrections caused by the Coulomb interaction.
Density of states
The retarded fermion propagator takes the form
Its imaginary part can be easily obtained:
The spectral function is given by
which directly leads to the fermion DOS
After integrating over the momenta, we obtain
Specific heat
The Matsubara fermion propagator has the form
where ω n = (2n + 1)πT . The free energy of fermions is
Performing frequency summation yields
which is divergent. To get a finite free energy, we replace F f (T ) with F f (T ) − F f (0), and thus get
Employing the transformations Eqs. (8)- (10) and then integrating over momenta, we have
where ζ(x) is the Riemann zeta function, and Γ(x) is the gamma function. The corresponding specific heat satisfies
Compressibility
In order to calculate the compressibility, we formally include a finite chemical potential µ into the fermion propagator, namely
The corresponding free energy now becomes
Summing over frequencies allows us to get
Using the transformations Eqs. (8)- (10) and carrying out integration over momenta, we obtain
Li 13 
where Li x (y) is the polylogarithmic function. The compressibility is
Taking the limit µ = 0, we finally get
Dynamical conductivity
In the Matsubara formalism, the current-current correlation function is defined as
Here, γ i is given by
with H being the Hamiltonian density
It is easy to verify that
Due to the symmetry of the Hamiltonian, Π xx = Π yy ≡ Π ⊥⊥ , so it is only necessary to calculate Π xx and Π zz , defined as follows
Employing the spectral representation
we re-write Π xx and Π zz as follows
We then carry out analytical continuation iΩ m → Ω + iδ, and get the imaginary parts:
In the case of magnetic field B = Be z , the diamagnetic susceptibility is defined as
where γ x , γ y , and γ z are given by the Eqs. (69) 
After carrying out frequency summation, S A and S B can be further written as 
where Y = E k 2πT . Substituting Eqs. (91) and (92) into Eqs. (87) and (88), we find that the dynamical susceptibilities depend on T as 
From the solutions of RG equations, we extract the differential equation of A and B:
Using the transformation ω = ω 0 e −ℓ , we find that A and B depend on energy ω as follows
Substituting Eqs. (101) and (102) into Eq. (98), we have
which has the following solution
we get
